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Simulation-driven verification can provide formal safety guarantees for otherwise intractable nonlinear and
hybrid system models. A key step in simulation-driven algorithms is to compute the reach set overapproximations from a set of initial states through numerical simulations and sensitivity analysis. This article addresses
this problem by providing algorithms for computing discrepancy functions as the upper bound on the sensitivity, that is, the rate at which trajectories starting from neighboring states converge or diverge. The algorithms
rely on computing local bounds on matrix measures as the exponential change rate of the discrepancy function. We present two techniques to compute the matrix measures under different norms: regular Euclidean
norm or Euclidean norm under coordinate transformation, such that the exponential rate of the discrepancy
function, and therefore, the conservativeness of the overapproximation, is locally minimized. The proposed
algorithms enable automatic reach set computations of general nonlinear systems and have been successfully
used on several challenging benchmark models. All proposed algorithms for computing discrepancy functions give soundness and relative completeness of the overall simulation-driven safety-bounded verification
algorithm. We present a series of experiments to illustrate the accuracy and performance of the algorithms.
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1 INTRODUCTION
Cyber-physical systems (CPSs), which tightly couple physical processes with software, networks,
and sensing, have become ubiquitous; however, reliability and security lapses of such systems
can disrupt communities and lead to catastrophic failures. Recent advances in formal verification
techniques [10, 14, 17, 23, 33] show promise in aiding the design and verification of realistic CPS,
such as automotive systems [4, 15], medical devices [27, 29], aerospace systems [8], and energy
systems [19].
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There are two predominant approaches for verifying CPS models: dynamic analysis generates
traces from models or from executing the actual systems to find possible defects. The approach
can be fast but suffers from incompleteness; that is, it is impossible to cover all possible system
behaviors. In contrast, static approaches analyze the system model to infer properties covering
all possible behaviors. This is done either by computing (or approximating) the reachable states
or by deducing properties using proof rules. Unfortunately, this approach typically does not
scale. Reachability computations suffer from the state-space explosion problem and the deductive
methods require significant human intervention to discharge the necessary proof obligations.
Recently, a third verification approach has gained traction [5, 11, 13, 17, 26, 30]. It uses simulation
traces to verify invariant properties by appropriately generalizing an individual simulation (or test)
trace to a set of behaviors and then verifies the property on this generalized set. The success of
this approach hinges on good generalizations that can lead to coverage of all possible behaviors
from only finitely many simulations. For CPS, this generalization can be computed by exploiting
the smoothness of the continuous dynamics [11, 13, 17]. The scalability of this approach has been
demonstrated by verifying several challenging benchmarks [15, 18, 27].
Consider a dynamical system described by the differential equation ẋ = f (x ). The initial set Θ ⊂
Rn is a compact set in Rn . A trajectory or a solution of this system is a function that gives the state
of the system at time t starting from a given initial state x 0 ∈ Θ. The reach set is the set of states that
are reachable from an initial set. Our approach follows the simulation-driven verification approach
of [16, 17]. It overapproximates the reach set using only finitely many (possibly error-prone) numerical simulations and by bloating each individual simulation by an appropriate factor derived
from the sensitivity of the trajectories to the initial conditions. This notion of sensitivity is formalized as discrepancy functions; the general properties needed for soundness and completeness of
verification based on discrepancy functions were identified in [16], though the key step of computing discrepancy functions automatically for general nonlinear systems remained an open problem.
As noted in [16, 38], several techniques (contraction metric [37], incremental stability [2], matrix measure [6], etc.) can be used to find discrepancy functions; however, those techniques either
restrict the class of nonlinear systems (e.g., polynomial systems, as in [31]) or require nontrivial user inputs (e.g., the closed-form expression of a matrix measure function, as in [38]). In this
work, we address this problem by providing algorithms that compute discrepancy functions automatically for general nonlinear dynamical systems. The proposed algorithm can provide locally
optimal reach set overapproximations.
Our approach for computing discrepancy is based on the well-known result that an upper
bound on the matrix measure of the system’s Jacobian matrix Jf (x ) can be used as an exponential
upper bound on the distance between neighboring trajectories [6, 41]. Closed-form expressions
for matrix measures are in general difficult to obtain for nonlinear systems. For example, for
matrix Jf (x ), the matrix measure under Euclidean norm is the largest eigenvalue of the symmetric
part of the matrix λ max ((Jf (x ) + JfT (x ))/2). However, if we can overapproximate all possible
values of the system’s Jacobian matrix Jf (x ) over some compact set S ⊂ Rn , we can obtain an
upper bound on the matrix measure of the Jacobian matrix over S without knowing its closed
form. This two-step computation proceeds as follows: (1) it uses interval matrices to bound the
variation of the Jacobian matrix over S, and (2) it computes the upper bound of the matrix measure
of the interval matrix. In this work, we will introduce two algorithms LDF2 (using 2-norm) and
LDFM (using coordinate transformed 2-norm under transformation M) to compute the upper
bound of the matrix measure of the interval matrix.
The two algorithms use two different matrix measures. LDF2 computes the matrix measure under the 2-norm, then applies a matrix perturbation theorem to transform the problem of bounding
the largest eigenvalue to bounding the 2-norm of a matrix valued function [21]. This algorithm
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does not require solving optimization problems numerically. The second algorithm LDFM generates
a more accurate discrepancy function by computing the local optimal bound of the matrix measure under a linear coordinate transformation. The idea is to search all possible linear coordinate
transformations to minimize the matrix measures, which involves solving several optimization
problems using semidefinite programming [20]. LDFM achieves greater accuracy at the expense of
higher computational effort, as compared to LDF2. We provide two techniques for computing the
optimal bound on the matrix measure of the interval matrix for the LDFM method. The first method
uses the vertex matrices of the interval matrix, and the second uses the norm of the interval matrix. Both approaches are less conservative than the LDF2 algorithm as they find locally optimal
exponential rates for the discrepancy function. We also include some comparison and discussion
of the tradeoff between accuracy and speed for these two techniques.
For dynamical systems with inputs ẋ = f (x, u), the simulation traces are decided by both the
initial states and inputs u. We extend the methods to compute input-to-state discrepancy functions,
which can be used to construct reach sets for systems with bounded nondeterministic input sig1
nals. Experimental results show that due to an error of e 2 t that is added to such input-to-state
discrepancy function, the computed reach set overapproximations for systems with inputs will
have dramatically increasing error.
In summary, the contributions of this article are as follows: (1) We provide two algorithms,
namely, LDF2 and LDFM, for overapproximating reach sets for nonlinear models using local discrepancy functions. Although in this work we concentrate on the reachability analysis of nonlinear dynamical systems, with appropriate handling of guards and transitions as shown in [17],
these algorithms can be used in hybrid verification tools like C2E2 [17] and Breach [14]. (2) We
show that the proposed algorithms for computing discrepancy functions preserve the soundness
and the relative completeness of overall verification. (3) We establish that algorithm LDFM returns
a locally optimal exponential rate for estimating the sensitivity of the system. To our knowledge,
this is the first result that gives a guarantee about the quality of the overapproximations, which in
turn implies the efficiency of the verification algorithm. (4) We conduct a sequence of experiments
on the prototype implementations of the algorithms, including the comparison with Flow* [10]
on a suite of linear and nonlinear system examples; the results suggest that the proposed methods
provide significant advantages for verifying models with large dimensions (greater than four) and
with complicated differential equations.
1.1

Related Work

Several approaches have been proposed to obtain proofs about (bounded time) invariant or safety
properties from simulations [14, 16, 21, 24]. Sensitivity analysis is a technique to systematically
simulate arbitrary nonlinear systems with inputs [14]. The technique relies on computing the
sensitivity matrix, a matrix that captures the sensitivity of the system to its initial condition x 0 .
This is then used to give an upper bound on the distance between two system trajectories. In [31],
the authors provided sound simulation-driven methods to overapproximate the distance between
trajectories, but these methods are mainly limited to affine and polynomial systems. For general
nonlinear models, this approach may not be sound, as higher-order error terms are ignored when
computing this upper bound.
The idea of computing the reach sets from trajectories is similar to the notions of incremental
Lyapunov function [2]. In this work, we do not require systems to be incrementally stable. Similar
ideas have also been considered for control synthesis in [44]. Other approaches for reach set estimation for nonlinear systems operate directly on the vector field involving higher-order Taylor
expansions [10, 33]. However, this method suffers from complexity that increases exponentially
with both the dimension of the system and the order of the model.
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The work closest to ours involves reachability analysis using matrix measures [38], where the
authors use the fact that the matrix measure of the Jacobian matrix can bound the distance between
neighboring trajectories [6, 41]. The technique relies on user-provided closed-form matrix measure functions, which are in general difficult to compute. In contrast, our approach automatically
computes the bounds on matrix measures under 2-norm or coordinated transformed 2-norm.
Techniques such as ours that perform reach set overapproximations for continuous systems are
crucial building blocks for hybrid system verification. For example, our approach can be used by
the C2E2 tool to perform verification, as in [17]. Future work will evaluate the performance of our
technique for hybrid examples; here we focus on continuous nonlinear dynamical systems.
The rest of the article is organized as follows. Section 2 sets up the mathematical preliminaries.
Section 3 gives an overview of the simulation-driven verification approach as developed in [16].
Section 4 contains the main results: different algorithms to compute the discrepancy function
and how to use them to do reach set computation. The algorithms provided in Section 4 can be
used directly as the core function in the verification algorithm in Section 3. Section 5 illustrates
the accuracy and the performance of the proposed algorithms, followed by the conclusion in
Section 6.
2 PRELIMINARIES
Throughout the article, we use mathematical font to denote sets and typewriter font to denote
operations and algorithm names. We use R to denote the√set of real numbers. Rn denotes the ndimensional Euclidean space. For a vector x ∈ Rn , x  = x T x will denote its 2-norm (Euclidean
√
norm). Given a positive definite n × n matrix M, the M-norm of the vector x, x M = x T Mx
is the norm of x under the transformation √M. For any M  0, there exists a nonsingular matrix
C ∈ Rn×n , such that M = C T C. So, x M = x T C T Cx = Cx . That is, x M is the 2-norm of the
linearly transformed vector Cx. When M = I is the identity matrix, x I coincidences with the
2-norm.
For sets S 1 , S 2 ⊆ Rn , hull(S 1 , S 2 ) is their convex hull. The hull of a set of n × n matrices is defined
2
in the usual way, by considering each matrix as a vector in Rn . The diameter of a compact set S
is defined as Dia(S ) = supx,y ∈S x − y . E M,δ (x 0 ) = {x | x − x 0 M ≤ δ } represents an ellipsoid
centered at x 0 ∈ Rn , with shape M and size δ . The δ ball around x 0 : Bδ (x ) = {x | ||x − x 0 || ≤ δ } is
a special case of E M,δ (x 0 ), where M is the identity matrix I .
For any matrix A ∈ Rn×n , AT is its transpose. λ max (A) and λ min (A)) are the maximum and minimum eigenvalues of A, respectively. A lowercase letter with subscript ai j denotes the element
in the i th row and j th column of a matrix A. A1 , A2 , A∞ , AF denote respectively the 1,2,
infinity, and Frobenius norms of A. Hereafter, we will drop the subscript for A2 and write it as
A. |A| is the matrix obtained by taking the element-wise absolute value of matrix A.
2.1

Dynamical Systems

The continuous evolution of an n-dimensional dynamical system is given by the differential
equation
ẋ = f (x ),

(1)

where f : Rn → Rn is a locally Lipschitz and continuously differentiable function. A solution or
a trajectory of the system is a function ξ : Rn × R ≥0 → Rn , such that for any state x 0 ∈ Rn and
at any time t ∈ R ≥0 , ξ (x 0 , t ) satisfies Equation (1). The existence and uniqueness of solutions are
guaranteed by the Lipschitz continuity of f . The Jacobian of f , Jf : Rn → Rn×n , is a matrix-valued
∂f i (x )
.
function of all the first-order partial derivatives of f with respect to x, that is, [Jf (x )]i j = ∂x
j
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The following lemma states a relationship between f and its Jacobian Jf , which can be proved
using the generalized mean value theorem [21].
Lemma 1. For any continuously differentiable function f : Rn → Rn , and x, r ∈ Rn ,
 1

f (x + r ) − f (x ) =
Jf (x + sr )ds · r ,

(2)

0

where the integral is evaluated component-wise.
Simulations and Reachable States. Although it is generally difficult to obtain closed-form expressions for the solution ξ , validated simulation libraries, such as VNODE-LP [39] and CAPD [9], use
numerical integration to generate a sequence evaluation of ξ with guaranteed error bounds. We
define simulation as a sequence of timestamped hyperrectangles that contains the solutions of the
system.
Definition 1 (Simulation). For any x 0 ∈ R, τ > 0, ϵ > 0,T > 0, a (x 0 , τ , ϵ,T )-simulation of the
k } satisfying the
system described in Equation (1) is a sequence of timestamped sets {(Ri , ti )i=0
following:
(1) τ is called the maximum sampling period, which means that for each i = 1, . . . , k, 0 <
ti − ti−1 ≤ τ . Note t 0 = 0 and tk = T .
(2) Each Ri is a hyperrectangle in Rn with a diameter smaller than ϵ.
(3) For each i = 0, 1, . . . , k, ξ (x 0 , ti ) ∈ Ri , , and ∀t ∈ (ti−1 , ti ), ξ (x 0 , t ) ∈ hull(Ri−1 , Ri ), for i =
1, . . . , k.
For a given initial set Θ ⊆ R n , a state x ∈ Rn is said to be reachable if there exist a state θ ∈ Θ
and a time t ≥ 0 such that ξ (θ, t ) = x. We denote by ξ (Θ, [t 1 , t 2 ]) the set of states that are reachable
from Θ at any time t ∈ [t 1 , t 2 ]. The set of reachable states at time t from initial set Θ is denoted
by ξ (Θ, t ). Given an n-dimensional dynamical system as in Equation (1), a compact initial set
Θ ⊂ Rn , an unsafe set S ⊆ Rn , and a time bound T > 0, the safety verification problem (also called
the bounded invariant verification) is to decide whether ξ (Θ, [0,T ]) ∩ S = ∅.
Next, we introduce the definition of reachtube, which is also a sequence of timestamped hyperrectangles, but instead contains ξ (Θ, [0,T ]).
Definition 2 (Reachtube). For any Θ ⊂ Rn ,T > 0, a (Θ,T )-reachtube is a sequence of timesk }, such that for each i in the sequence, ξ (Θ,[t
tamped compact sets {(O i , ti )i=0
i−1 , t i ]) ⊆ O i .
Discrepancy Function. Sensitivity of the solutions to changes in the initial states is formalized
by discrepancy functions. Specifically, a discrepancy function bounds the distance between two
neighboring trajectories as a function of the distance between their initial states and time [16, 21].
Definition 3 (Discrepancy Function). Given a positive definite matrix M, a continuous function
β : R ≥0 × R ≥0 → R ≥0 is a discrepancy function of the system in Equation (1) with initial set Θ if
(1) for any pair of states x 1 , x 2 ∈ Θ, and any time t ≥ 0, ξ (x 1 , t ) − ξ (x 2 , t )M ≤ β (x 1 −
x 2 M , t ), and
(2) for any t, lim x 1 −x 2 M →0+ β (x 1 − x 2 M , t ) = 0.
According to the definition of discrepancy function, for Equation (1), at any time t, the ball centered at ξ (x 0 , t ) with radius β (δ, t ) contains every solution of Equation (1) starting from Bδ (x 0 ).
Therefore, by bloating the simulation trajectories using the corresponding discrepancy function,
we can obtain an overapproximation of the reachtube. Definition 3 corresponds to the definition of
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discrepancy function given in [16], except that it generalizes the distance measure to arbitrary Mnorm as a metric. We remark that this definition of discrepancy function is similar to the incremental Lyapunov functions; however, here we do not require that trajectories converge to each other.
2.2 Interval Matrices and Matrix Norms
For a pair of matrices B, C ∈ Rn×n with the property that bi j ≤ c i j for all 1 ≤ i, j ≤ n, we define
the set of matrices Interval([B, C])  {A ∈ Rn×n |bqi j ≤ ai j ≤ c i j , 1 ≤ i, j ≤ n}. Any such set of
matrices is called an interval matrix. Interval matrices will be used to linearly overapproximate
behaviors of nonlinear models. Two useful notions are the center matrix and the range matrix,
defined respectively as CT([B, C]) = (B + C)/2 and RG([B, C]) = (C − B)/2. Then Interval([B, C])
can also be written as Interval([Ac − Ar , Ac + Ar ]), where Ac = CT([B, C]), Ar = RG([B, C]).
Given any norm for matrices  · p , where p ∈ {1, 2, ∞, F }, the corresponding norm of an interval
matrix is defined as
(3)
|||A|||p = sup Ap .
A∈A

The following theorem from [22] provides a method for calculating the norms of interval matrices
from the corresponding norms of center and range matrices.
Theorem 4 (Theorem 10 from [22]). For any interval matrix A,
|||A||| 1 =  |CT(A)| + RG(A)1 , |||A||| ∞ =  |CT(A)| + RG(A)∞ , |||A||| F =  |CT(A)| + RG(A)F .
A vertex matrix of an interval matrix Interval([B, C]) is a matrix V whose every element is
either bi j or c i j . Let VT(Interval([B, C])) be the set of all the vertex matrices of the interval matrix
2
Interval([B, C]). The cardinality of VT(Interval([B, C])) with B, C ∈ Rn×n is 2n . It can be shown
that the convex hull of the set of vertex matrices for an interval matrix A is the matrix itself [20].
Proposition 3. For any interval matrix A, hull(VT(A)) = A.
Matrix Measure. The matrix measure, also known as the logarithmic norm [12], of a matrix A ∈
Rn×n can be seen as the one-sided derivative of  · p at I ∈ Rn×n in the direction of A:
μp (A) = lim+ (I + tAp − I p )/t,
t →0

(4)

where  · p can be any norm. If p = 2, the matrix measure becomes μ 2 (A) = λmax ((A + AT )/2).
If matrix C ∈ Rn×n is nonsingular, then the measure μ M of the norm x M = Cx  (M = C T C) is
given in terms of μ by μ M (A) = μ (CAC −1 ). The matrix measure has long been used to provide
estimates on solutions of systems of ordinary differential equations. The next proposition from
[41] uses the matrix measure to provide a bound on the distance between trajectories in terms of
their initial distance and the rate of expansion of the system given by the measure of the Jacobian
matrix J (x ) with respect to x.
Proposition 4. Let D ⊆ Rn and let the Jacobian Jf (x ) satisfy μp (Jf (x )) ≤ c for all x ∈ D. If
every trajectory of Equation (1) with initial conditions in the line segment {hx 0 + (1 − h)z 0 : | h ∈
[0, 1]} remains in D until time T , then the solutions ξ (x 0 , t ) and ξ (z 0 , t ), for all t ∈ [0,T ], satisfy
ξ (x 0 , t ) − ξ (z 0 , t )p ≤ x 0 − z 0 p e ct .
This provides global divergence between trajectories of Equation (1) using only information
about the system’s Jacobian at each point, and it provides a way to compute a discrepancy function.
If there exists c < 0 such that for all (t, x ) ∈ [0, ∞) × D we have μp (Jf (x )) ≤ c, then Equation (1)
or the vector field f (x ) is said to be contracting with respect to  · p , but in the following, we do
not assume anything about the sign of c.
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ALGORITHM 1: Simulation-Driven Verification
Algorithm
1
2
3
4
5
6
7
8
9
10
11
12

13
14

input: Θ,T , S, ϵ0 , τ0
δ ← Dia(Θ); ϵ ← ϵ0 ; τ ← τ0 ; STB ← ∅
C ← Cover(Θ, δ, ϵ )
while C  ∅ do
for θ, δ, ϵ ∈ C do
k } ← Simulate(θ,T , ϵ, τ )
ψ = {(Ri , ti )i=0
R ← Bloat(ψ , δ, ϵ)
if R ∩ S = ∅ then
C ← C\{θ, δ, ϵ}; STB ← STB ∪ R
else if ∃j, R j ⊆ S then
return (S,ψ )
else
C←
C ∪ Cover(Bδ (θ ), δ2 , ϵ2 )\{θ, δ, ϵ}
τ ← τ2
return (SAFE, STB)

Fig 1. illustration of Algorithm 1.

3 SIMULATION-DRIVEN VERIFICATION
In this section, we give an overview of the simulation-driven verification approach (Algorithm 1)
introduced in [13, 16]. Our goal is to decide bounded safety properties, that is, given Equation (1),
a compact initial set Θ ⊂ Rn , an unsafe set S ⊆ Rn , and a time bound T > 0, we would like to
check whether ξ (Θ, [0,T ]) ∩ S = ∅. Instead, in this section, we present an algorithm for deciding
a relaxation of this problem, which is called robust safety verification.
If there exists some ϵ > 0 such that Bϵ (ξ (Θ, [0,T ])) ∩ S = ∅, we say the system is robustly safe.
That is, all states in some envelope around the system behaviors are safe. If there exists some
ϵ, x ∈ Θ such that Bϵ (ξ (x, t )) ⊆ S over some interval [t 1 , t 2 ], 0 ≤ t 1 < t 2 ≤ T , we say the system is
robustly unsafe.
A verification algorithm for checking the safety of the system is said to be sound if the answers
of safety/unsafety returned by the algorithm are correct. The algorithm is said to be relatively
complete if the algorithm is guaranteed to terminate when the system is either robustly safe or
robustly unsafe.
Algorithm 1 shows the structure of the simulation-driven verification approach. It has been
shown that given a discrepancy function for the system, Algorithm 1 is a semidecision procedure for robust safety verification. The algorithm has five inputs: (1) a compact initial set Θ ⊂ Rn ,
(2) time bound T > 0, (3) unsafe set S ⊂ Rn , (4) initial simulation precision ϵ0 , (5) and initial simulation sampling period τ0 , as well asl two outputs SAFE and UNSAFE. It terminates if the system
is robustly safe or robustly unsafe.
The simulation-driven approach in Algorithm 1 consists of the following three main steps: Simulate the system from a finite set of sta tes (θ ) that are chosen from the compact initial set Θ.
The union of a set of balls of diameter δ centered at each of the states should contain Θ. (2) Bloat
k } simulations using a discrepancy function such that the bloated sets are reachtubes
the {(Ri , ti )i=0
from the initial covers. (3) Check each of these over-approximations and decide if the system is
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safe or not. If such a decision cannot be made, then we should start from the beginning with balls
with smaller diameter δ .
There are several functions referred to in Algorithm 1. Functions Dia() and Simulate() are defined to return the diameter of a set and a simulation result, respectively. The Bloat() function
takes as the inputs the simulation ψ starting from θ , the size of the initial cover δ , and the simulation precision ϵ and returns a reachtube that contains all the trajectories starting from the initial
cover Bδ (θ ). This can be done by bloating the simulation using a discrepancy function as described
in Section 2.1, which is an overapproximation of the distance between any neighboring trajectories
starting from Bδ (θ ). The main contribution of this article includes algorithms for implementing
this Bloat() function. Function Cover() returns a set of triples {θ, δ, ϵ}, where θ s are sample
states, the union of Bδ (θ ) covers Θ, and ϵ is the precision of simulation.
Initially, C contains a singleton θ 0 , δ 0 = Dia(Θ), ϵ0 , where Θ ⊆ Bδ0 (θ 0 ) and ϵ0 is a small positive constant. For each triple θ, δ, ϵ ∈ C, the while-loop from Line 3 checks the safety of the
reachtube from Bδ (θ ), which is computed in Lines 5 and 6. ψ is a (θ,T , ϵ, τ )-simulation, which is
a sequence of timestamped rectangles {(Ri , ti )} and is guaranteed to contain the trajectory ξ (θ,T )
by Definition 1. Bloating the simulation result ψ by the discrepancy function to get R, a (Bδ (θ ),T )reachtube, we have an overapproximation of ξ (Bδ (θ ), [0,T ]). The core function Bloat() will be
discussed in detail next. If R is disjoint from S, then the reachtube from Bδ (θ ) is safe and the
corresponding triple can be safely removed from C. If for some j, R j (one rectangle of the simulation) is completely contained in the unsafe set, then we can obtain a counterexample in the
form of a trajectory that violates the safety property. Otherwise, the safety of ξ (Bδ (θ ), [0,T ]) is
not determined, and a refinement of Bδ (θ ) needs to be made with smaller δ and smaller ϵ, τ .
Algorithm 1 returns SAFE if the reach set ξ (Θ, [0,T ]) has no intersection with the unsafe set,
along with a robustly safe reachtube STB, or returns UNSAFE upon finding a counterexample, the
simulation ψ , which enters the unsafe region. Algorithm 1 is sound because it will only return
SAFE if ξ (Θ,T ) ∩ S = ∅. Also, Algorithm 1 is relatively complete, because for a robustly safe or
unsafe system, the procedure will continue to perform refinements until either SAFE or UNSAFE
is returned.
A crucial and challenging aspect of Algorithm 1 is choosing an appropriate discrepancy function
with which to implement the Bloat() function. In the next section, we introduce algorithms that
implement this function.
4 LOCAL DISCREPANCY ALGORITHMS
The Bloat() function is implemented using the notion of discrepancy discussed in Section 2.1,
which measures the rate of change of the distance between two neighboring trajectories. We can
define different types of discrepancy functions to fit different uses. We will introduce algorithm
LDF2 [21], which uses discrepancy functions defined with the Euclidean norm and is fast but
coarse, as it bloats a simulation uniformly in each direction. We will also introduce algorithm LDFM
[20], which uses a generalized norm and computes an optimal coordinate transformation and
results in a tighter reachtube but requires more computation time. We will introduce two different
versions of algorithm LDFM using two techniques for computing the optimal exponential change
rate from the interval matrix. The first method uses the vertex matrices of the interval matrix,
and the second uses interval matrix norms. The vertex matrices approach provides more accurate
results but is more expensive, while the interval matrix norm approach is faster but less accurate.
Both approaches are less conservative than the algorithm LDF2 as they can bloat a simulation
nonuniformly in different directions and are able to find locally optimal exponential change
rates.
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4.1 Interval Matrix and Local Discrepancy Function
The main obstacle to finding a (global) discrepancy function for general nonlinear systems is that
it is difficult to bound the convergence (or divergence) rates across all trajectories. By restricting
the definition of discrepancy functions over carefully computed parts of the state space, we will
gain two benefits. First, such local discrepancy functions will still be adequate to compute the
relevant reachtubes for safety verification, and second, it will become possible to compute a local
discrepancy function automatically from simulation traces.
We begin by showing that, over a compact set S ⊆ Rn , the Jacobian Jf of the system described by
Equation (1) can be overapproximated by an interval matrix. Then we establish that the distance
between two trajectories in S satisfies a differential equation from a set of differential equations
described using the interval matrix. By bounding the matrix measure of the interval matrix, we
can get a discrepancy function.
Since we assume the system is continuously differentiable, the Jacobian matrix is continuous,
and therefore, over a compact set S, the elements of Jf (x ) are bounded.
Lemma 5. If the Jacobian matrix Jf (x ) is continuous, then for any compact set S, there exists an
interval matrix A such that ∀x ∈ S, Jf (x ) ∈ A.
For interval matrix A = Interval(B, C), the bounds B and C can be obtained using interval
arithmetic or an optimization toolbox by maximizing and minimizing the terms of Jf over S. Such
set S can be chosen to be a coarse overapproximation of the reach set, obtained using the Lipschitz
constant (see Lemma 9). Once the bounds are obtained, we use the interval matrix that overapproximates the behavior of Jf (x ) over S to analyze the rate of convergence or divergence between
trajectories:
Lemma 6. For Equation (1) with initial set Θ starting from time t 1 , suppose S ⊆ Rn is a compact
convex set, and [t 1 , t 2 ] is a time interval such that for any x ∈ Θ, t ∈ [t 1 , t 2 ], ξ (x, t ) ∈ S. If there
exists an interval matrix A such that ∀x ∈ S, Jf (x ) ∈ A, then for any x 1 , x 2 ∈ Θ, and for any fixed
t ∈ [t 1 , t 2 ], the distance y(t ) = ξ (x 2 , t ) − ξ (x 1 , t ) satisfies ẏ(t ) = A(t )y(t ), for some A(t ) ∈ A.
Proof. Given a compact convex set S containing all the trajectories from Θ in the time interval
[t 1 , t 2 ], using Lemma 1, we have the following:
 1

ẏ(t ) = ξ˙ (x 2 , t ) − ξ˙ (x 1 , t ) = f (ξ (x 2 , t )) − f (ξ (x 1 , t )) =
Jf (ξ (x 1 , t ) + sy(t ))ds y(t ), (5)
0

where y(t ) is the distance ξ (x 2 , t ) − ξ (x 1 , t ) starting from x 1 , x 2 ∈ Θ. We construct A as the interval
1
matrix to bound the Jacobian matrix using Lemma 5. For any fixed t, 0 Jf (ξ (x 1 , t ) + sy(t ))ds is a
constant matrix. Because ξ (x 1 , t ), ξ (x 2 , t ) are contained in the convex set S, ∀s ∈ [0, 1], ξ (x 1 , t ) +
sy(t ) should also be contained in S. Then, at t, Jf (ξ (x 1 , t ) + sy(t )) ∈ Interval([B, C]) and it is
1
straightforward to check that 0 Jf (ξ (x 1 , t ) + sy(t ))ds ∈ A. We rewrite Equation (5) as
ẏ(t ) = A(t )y(t ), A(t ) ∈ A,

(6)

which means at any fixed time t ∈ [t 1 , t 2 ], ẏ(t ) = A(t )y(t ) always holds, where A(t ) is an element
of A.

Equation (6) used in Lemma 6 can be used to define a discrepancy function. Given any ma2 = yT (t )My(t ), and by differentiating y(t ) 2 , we have that for any fixed
trix M  0, y(t )M
M
t ∈ [t 1 , t 2 ],
2
d y(t )M
(7)
= ẏT (t )y(t ) + yT (t )ẏ(t ) = yT (t )(A(t )T M + MA(t ))y(t ),
dt
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for some A(t ) ∈ A. We write A(t ) as A in the following for brevity. If there exists a γ̂ such
2
d y (t ) M
dt
(t −t 1 ) , ∀t ∈

that AT M + MA  γ̂ M, ∀A ∈ A, then Equation (7) becomes
γ̂
2

2 . After apply≤ γ̂ y(t )M
γ̂

[t 1 , t 2 ]. 2 can also be seen
ing Grönwall’s inequality, we have y(t )M ≤ y(t 1 )M e
as an upper bound of the matrix measure of the family of matrices A (see Section 2.2). Since
γ̂
μ M (A) ≤ 2 , ∀A ∈ A means CAC −1 + (CAC −1 )T  γ̂ I , ∀A ∈ A, where M = C T C. Pre- and postmultiplying the inequality by C T and C, we arrive at AT M + MA  γ̂ M, ∀A ∈ A.
The aforementioned provides a discrepancy function:
γ̂

β (x 1 − x 2 M , t ) = x 1 − x 2 M e 2 (t −t1 ) .

(8)

This discrepancy function could result in less conservative reachtubes, depending on the selection
of M and γ̂ . Ideally, we would like to identify the optimal M such that we can obtain the tightest
bound γ̂ . This problem is formulated as follows:
min

γ̂ ∈R, M 0

γ̂

(9)

s.t AT M + MA  γ̂ M, ∀A ∈ A.
To compute the reach set from a set of initial states over a long time horizon [0,T ], in principle,
we could compute a single discrepancy function that holds over the entire duration. For unstable
systems, this would result in large interval matrices, leading to large overapproximations. To mitigate this problem, we divide the time interval [0,T ] into smaller intervals [0, t 1 ], [t 1 , t 2 ], and so
forth, and compute a piece-wise discrepancy function, where each piece is relevant for a smaller
portion of the state space and the time. Assuming we can find an exponential discrepancy function
βi (x 1 − x 2 Mi , t ) = x 1 − x 2 Mi e γi (t −t1 ) for each time interval [ti−1 , ti ], i = 1, . . . , k and tk = T , we
can compute the reachtube recursively by bloating the simulation between [ti−1 , ti ] using βi and
then using the reach set overapproximation at ti as the initial set for the time interval [ti , ti+1 ].
Solving Equation (9) to obtain the optimal γ̂ for each time interval involves solving optimization
problems with infinite numbers of constraints (imposed by the infinite set of matrices in A). To
overcome this problem, we introduce two different strategies. The first one only considers discrepancy functions under the Euclidean norm, and thus, avoids solving the optimization problem
in Equation (9), while the second tries to transform the problem in Equation (9) to equivalent or
relaxed problems but with finitely many constraints.
4.2

Fast Discrepancy Function

In this section, we introduce a method to compute the discrepancy function without solving the
optimization problem in Equation (9), which leads to an algorithm that can compute the reachtube fast but with possibly larger approximation errors compared to the methods discussed in
Section 4.3.
4.2.1 Local Discrepancy Under Euclidean Norm. The optimization problem in Equation (9) attempts to find the optimal metric M such that the exponential changing rate γ̂ of the discrepancy
function is minimized. Informally, solving Equation (9) is complicated as the constraints consider
all the possible behaviors of Jf (x ) over the compact sets. A relaxation of this problem is to fix
M = I , and then the largest eigenvalue of the symmetric part of the Jacobian matrix can be used
as the exponential change rate of the system.
Lemma 7. For Equation (1) with initial set Θ starting from time t 1 , suppose S ⊆ Rn is a compact
convex set, and [t 1 , t 2 ] is a time interval such that for any x ∈ Θ, t ∈ [t 1 , t 2 ], ξ (x, t ) ∈ S. Suppose γ ∈ R
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satisfies ∀x ∈ S, λmax ((JfT (x ) + Jf (x )))/2 ≤ γ ; then, for any x 1 , x 2 ∈ Θ, and for any t ∈ [t 1 , t 2 ],
ξ (x 1 , t ) − ξ (x 2 , t ) ≤ x 1 − x 2 e γ (t −t1 ) .
Lemma 7 follows from Equation (8) and the fact that when M = I , μ 2 (Jf (x )) = λmax
((JfT (x ) + Jf (x )))/2. Computing a bound γ on λmax (JfT (x ) + Jf (x ))/2, x ∈ S is difficult because this
bound must work for the infinite family of matrices. We introduce Algorithm 2 to compute an upper bound on the eigenvalues of the symmetric part of the Jacobian function.
ALGORITHM 2: Algorithm Eig_UB.
input: Jf (·), S ⊆ Rn
1 J ← Jf (Center(S ))
T
2 λ ← λmax (J + J )/2
3 Compute A such that
∀x ∈ S, Jf (x ) + JfT (x ) − J − J T ∈ A
4
5
6

error ← upperbound of |||A||| 2
c ← λ + error
2
return c

ALGORITHM 3: Algorithm LDF2.
1
2
3
4
5
6
7

7
8
8
9
9
10

k },J (·),L ,δ, ϵ
input: ψ = {(Ri , ti )i=0
f
f
Δ ← δ ,b ← zeros(k)
for i = 1:k do
τ ← ti − ti−1
d ← (Δ + ϵ )e L f τ
S ← hull(Ri−1 , Ri ) ⊕ Bd (0)
γ [i] ← Eig_UB(Jf (·), S )
O i ← Bδ  (hull(Ri−1 , Ri )) where
δ  = max{(Δ + ϵ ), (Δ + ϵ )e γ [i]τ }
Δ ← (Δ + ϵ )e γ [i]τ
R ← R ∪ [O i , ti ]
return R

Algorithm 2 is based on a matrix perturbation theorem (Theorem 2 in [21]). First, the Center()
function at Line 1 returns the center point of the compact set S. Then compute the largest eigenvalue λ of the symmetric part of the Jacobian matrix function at the center point at Line 2. At
Line 3, use interval arithmetic to compute an interval matrix A such that A overapproximates
the possible values of the error matrix Jf (x ) + JfT (x ) − (J + J T ), which is the difference between
the symmetric part of the Jacobian at any other state and the center state of the compact set S.
Compute an upper-bound error of the 2-norm of the interval matrix A√at Line 4. This step can
be accomplished using Theorem 4 and the fact that ∀A ∈ Rn×n , A2 ≤ A1 A∞ . Finally, the
addition of λ and error/2 is returned as an upper bound of the eigenvalues of all the symmetric
parts of the Jacobian matrices over S.
The following lemma shows that the value returned by Algorithm 2 is an upper bound on
λmax (Jf (x ) + Jf (x )T )/2, where x ∈ S. A detailed proof can be found in [21].
Lemma 8. If c is the value returned by Algorithm 2, then ∀x ∈ S : JfT (x ) + Jf (x )  2cI .
According to Lemma 5, the upper bound of the symmetric part of the Jacobian matrix always
exists. In Algorithm 2, because Jf is a real matrix, the maximum eigenvalue λ of (J T + J )/2 is
bounded. Assuming that each component of E(x ) = JfT (x ) + Jf (x ) − J T − J is continuous over the
closed set S, we can find the upper bound of E(x ), so the error term is also bounded. Therefore,
the value returned by Algorithm 2 for a continuous-term Jacobian function over a compact set is
always bounded.
Since Jf : S → Rn×n is bounded, there always exists an upper bound γ for the eigenvalues of
T
(Jf (x ) + Jf (x ))/2 that can be computed using Algorithm 2. Using the computed S and γ , Lemma 7
provides a bound on the 2-norm distance between trajectories.
Given the simulation result of ξ (x 1 , t ), for any other initial state x 2 such that x 1 − x 2  ≤ c, we
will have that ∀t ∈ [t 1 , t 2 ], ξ (x 1 , t ) − ξ (x 2 , t ) ≤ ce γ (t −t1 ) . That means that at any time t ∈ [t 1 , t 2 ],
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ξ (x 2 , t ) is contained in the hyberball centered at ξ (x 1 , t ) with radius ce γ (t −t1 ) . Thus, a discrepancy
function for Equation (1) over S is given by β (x 1 − x 2 , t ) = x 1 − x 2 e γ (t −t1 ) .
Example 1. Consider a 2D nonlinear system over the set S = {x = [v, w]T | v ∈ [−2, −1], w ∈
[2, 3]}:
v̇ = 12 (v 2 + w 2 ); ẇ = −v.
(10)
v w
The Jacobian matrix of the system is −1 0 . Using Algorithm 2 we obtain γ = 1.0178 as an upper
bound on the eigenvalues of the symmetric part of the Jacobian matrix over S. Using Lemma 7, we
obtain the following discrepancy function for this system: ξ (x 1 , t ) − ξ (x 2 , t ) ≤ x 1 − x 2 e 1.0178t ,
for as long as the trajectories remain inside S.
4.2.2 Algorithm to Compute Reach Set Using Fast Discrepancy Function. In this section, we introduce Algorithm LDF2, which uses Lemma 7 and Algorithm 2 to compute a (Bδ (R 0 ),T )-reachtube
of Equation (1), where R 0 is the initial rectangle of the simulation ψ .
Algorithm 3 shows the pseudocode for LDF2 used as the Bloat () function in the verification algorithm. LDF2 takes as input a parameter δ , an error bound for simulation ϵ, the Lipschitz constant L f ,
the Jacobian matrix Jf (·) of function f , and a (θ, τ , ϵ,T )-simulation ψ = {(Ri , ti )}, i = 0, 1, . . . , k. It
returns an (Bδ (R 0 ),T )-reachtube.
The algorithm starts with the initial set Bδ (R 0 ) and with Δ = δ . In each iteration of the forloop, it computes a rectangle O i of the reachtube corresponding to the time interval [ti−1 , ti ]. In
the i t h iteration, Δ is updated so that B Δ (Ri−1 ) is an overapproximation of the reachable states
from Bδ (R 0 ) at ti−1 (Lemma 10). In Lines 4 and 5, a set S is computed by bloating the convex hull
hull(Ri−1 , Ri ) by a factor of d = (Δ + ϵ )e L f (ti −ti −1 ) . The set S will later be proved to be a (coarse)
overapproximation of the reachtube from B Δ (Ri−1 ) over the time interval [ti−1 , ti ] (Lemma 9). At
Line 6, an upper bound on the maximum eigenvalue of the symmetric part of the Jacobian over
the set S is computed using Algorithm 2 (Lemma 8). At Line 7, the rectangle O i is computed as
an overapproximation of the reach set during the time interval [ti−1 , ti ]. Then Δ is updated as
(Δ + ϵ )e γ [i](ti −ti −1 ) for the next iteration.
Next, we prove that Algorithm 3 returns a (Bδ (R 0 ),T )-reachtube. First, we show that the set S
computed at Line 5 satisfies the assumption in Lemma 7. That is, in the i t h iteration of the loop, the
computed S is an overapproximation of the set of states that can be reached by the system from
B Δ (Ri−1 ) over the time interval [ti−1 , ti ].
Lemma 9. In the i t h iteration of the loop of Algorithm 3, ξ (B Δ (Ri−1 ), [ti−1 , ti ]) ⊆ S.
Lemma 9 follows from the fact that the Lipschitz constant provides a very conservative discrepancy function β (x − x  M , t ) = x − x  M e L f (t −ti −1 ) . Note that since the Lipschitz constant is
nonnegative, such discrepancy function usually blows up within a short time horizon.
Next, we inductively prove that O i computed at Line 7 is an overapproximation of the reach set
during the time interval [ti−1 , ti ].
Lemma 10. For any i = 0, . . . , k, ξ (Bδ (R 0 ), ti ) ⊆ B Δi (Ri ), and for any i = 1, . . . , k,
ξ (Bδ (R 0 ), [ti−1 , ti ]) ⊆ O i , where Δi is Δ after Line 8 is executed in the i t h iteration.
Proof. In this proof, let ξ (θ, ·) denote the trajectory from θ . From Definition 1 for ψ , we know
that θ ∈ R 0 and ∀i = 1, . . . , k, ξ (θ, ti ) ∈ Ri . Let Si denote S after Line 5 is executed in the i t h iteration. The lemma is proved by induction on i. Note that the initial set is Bδ (R 0 ), and before the
for-loop, Δ0 is set as δ . When i = 0, we already have ξ (Bδ (R 0 ), t 0 ) = Bδ (R 0 ) = B Δ0 (R 0 ).
Assume that the first half of the lemma holds for i = m − 1, which means we have
ξ (Bδ (R 0 ), tm−1 ) ⊆ B Δm−1 (Rm−1 ). Next we prove that the lemma holds for the second half and for
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i = m as well. Lemma 9 indicates that ∀t ∈ [tm−1 , tm ], ξ (B Δ0 (R 0 ), [tm−1 , tm ]) ⊆ Sm . Consider state
x = ξ (θ, tm−1 ) ∈ Rm−1 , ∀t ∈ [tm−1 , tm ]; by definition, it follows that ξ (x, t ) ∈ hull(Rm−1 , Rm ) and
ξ (x, tm ) ∈ Rm . ∀x  ∈ B Δm−1 (Rm−1 ), ∀t ∈ [tm−1 , tm ], from Lemma 7:
ξ (x, t ) − ξ (x , t ) ≤ x − x  e γ [m](t −tm−1 ) .
Note at Line 8, Δm ← (Δm−1 + ϵ )e γ [m](tm −tm−1 ) . Therefore,
ξ (B Δm−1 (Rm−1 ), [tm−1 , tm ]) ⊆ hull (Rm−1 , Rm ) ⊕ B max{Δm , Δm−1 +ϵ } (0) = O i .
Also, we have ξ (Bδ (R 0 ), tm−1 ) ⊆ B Δm−1 (Rm−1 ), so
ξ (Bδ (R 0 ), [tm−1 , tm ]) ⊆ O i .
And at time tm , ξ (x , tm ) is at most Δm distance to ξ (x, tm ) ∈ Rm . Hence, ξ (B Δm−1 (Rm−1 ), tm ) ⊆

B Δm (Rm ). Recall that ξ (Bδ (R 0 ), tm−1 ) ⊆ B Δm−1 (Rm−1 ), and thus ξ (Bδ (R 0 ), tm ) ⊆ B Δm (Rm ).
From Lemma 10, the following main theorem of this section follows. It states that the Algorithm
LDF2 soundly overapproximates the reachable states from Bδ (R 0 ).
Theorem 11. For any (x, τ , ϵ,T )-simulationψ = (R 0 , t 0 ) . . . (Rk , tk ) and any constant δ ≥ 0, a call
to LDF2(ψ , δ, ϵ ) returns a (Bδ (R 0 ),T )-reachtube.
4.3

Local Optimal Discrepancy Function

Algorithm LDF2 has fundamental drawbacks that prevent it from working for a large class of systems in practice. One drawback is that the discrepancy function computed by Lemma 7 grows (or
shrinks) with time exactly at the same rate along all the dimensions of the system, and this rate is
computed by bounding the eigenvalues of the symmetric
part of the Jacobian matrix.
 0 3
√
For example, the simple linear system ẋ = −1 0 x has eigenvalues ± 3i, and therefore has
oscillating trajectories. The actual distance between neighboring trajectories is at most a constant
times their initial distance; however, the discrepancy function computed by Lemma 7 will bound
this distance between trajectories, in all dimensions, as an exponentially growing function Ce λt ,
where λ = 1 is the largest eigenvalue of the symmetric part of the Jacobian matrix.1
Furthermore, Algorithm 2 uses a coarse method for bounding the largest eigenvalue of the
Jacobian matrix, which leads to an undesirable level of conservatism to the point that even for
certain contractive systems, the computed reach set overapproximation may not converge over
time.
To overcome these shortcomings of Algorithm LDF2, we will try to solve the optimization problem in Equation (9) by replacing the constraints AT M + MA  γ̂ M, ∀A ∈ A with a finite number
of constraints containing certain representative matrices and analyzing the consequences of such
replacement.
To simplify the presentation, we assume that the solutions (i.e., trajectories) for Equation (1) can
be obtained exactly. Later, at the end of Section 4.3.4, we will discuss how the algorithms work with
validated simulations with guaranteed error bounds (see also for a detailed treatment of this [16]).
4.3.1 Vertex Matrix Constraints Method. Proposition 3 establishes that an interval matrix is
equivalent to the convex hull of its vertex matrices. That means each constant matrix A in the
interval matrix A will have a representation based on elements of VT(A). This allows us to simplify
the optimization problem in Equation (9) to one with a finite number of constraints, based on the
1 In [21], a simple coordinate transformation method is introduced to address this problem, but that requires user interven-

tion and adds an approximation error that is of the order of the matrix condition number.
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vertex matrices. The next lemma provides a method for computing discrepancy functions from the
vertex matrices of an interval matrix.
Lemma 12. For Equation (1) with initial set Θ starting from time t 1 , suppose S ⊆ Rn is a compact
convex set, and [t 1 , t 2 ] is a time interval such that for any x ∈ Θ, t ∈ [t 1 , t 2 ], ξ (x, t ) ∈ S. Let M be a
positive definite n × n matrix. If there exists an interval matrix A such that
(a) ∀ x ∈ S, Jf (x ) ∈ A, and
(b) ∃ γ̂ ∈ R, ∀ Ai ∈ VT(A), ATi M + MAi  γ̂ M,
then for any x 1 , x 2 ∈ Θ and t ∈ [t 1 , t 2 ]:
γ̂

ξ (x 1 , t ) − ξ (x 2 , t )M ≤ e 2 (t −t1 ) x 1 − x 2 M .
Proof. From Proposition 3, we know that Jf (x ) ∈ A = hull(VT(A)). It follows from (a) and
Lemma 6 that for any t ∈ [t 1 , t 2 ], there exists a matrix A ∈ A such that ẏ(t ) = Ay(t ), and A ∈
2 can be written
hull{A1 , A2 , . . . , A N }. Using this, at any time t ∈ [t 1 , t 2 ], the derivative of y(t )M
as
2
d y(t )M

dt

N
N
N





= yT (t )  α i ATi  M + M  α i Ai  y(t ) = yT (t )  α i ATi M + MAi  y(t ) [using (b)]
 i=1
 i=1
 i=1
N

2
≤ yT (t )  α i γ̂ M  y(t ) = γ̂yT (t )My(t ) = γ̂ y(t )M
.
i=1

γ̂

By applying Grönwall’s inequality, we obtain y(t )M ≤ e 2 (t −t1 ) y(t 1 )M .



Lemma 12 suggests the following bilinear optimization problem for finding discrepancy over
compact subsets of the state space:
min

γ̂ ∈R, M 0

γ̂

(11)

s.t. for each Ai ∈ VT(A), ATi M + MAi  γ̂ M.
Letting γ̂ max be the maximum of the eigenvalues of ATi + Ai for all i, ATi + Ai  γ̂ max I (i.e., M = I )
holds for every Ai , so a feasible solution exists for Equation (11). To obtain a minimal feasible
solution for γ̂ , we choose a range of γ ∈ [γ min , γ max ], where γ min < γ max , and perform a line search
of γ̂ over [γ min , γ max ]. Note that if γ̂ is fixed, then Equation (11) is a semidefinite program (SDP),
and a feasible solution can be obtained by an SDP solver. As a result, we can solve Equation (11)
using a line search strategy, where an SDP is solved at each step. The solution we obtain using
this technique may not be optimal, but we note that any feasible γ̂ and M conservatively capture
the behaviors of the difference between trajectories. Further, in practice, we can always choose
a negative enough lower bound γ̂ min , such that if γ̂ < γ̂ min , then we can use γ̂ min as a sufficient
relaxation (upper bound) for γ̂ .
The aforementioned process for identifying a feasible (optimal) γ̂ and a corresponding M can
be used to compute reach set overapproximations, based on the discrepancy function β (x 1 −
γ̂
x 2 M , t ) = e 2 (t −t1 ) x 1 − x 2 M .
Example 2. Consider Equation (10) over the given compact set S as in Example
1. By solving
the
 2.7263 −1.3668

optimization problem in Equation (11), we can obtain γ̂ = −0.6 and M = −1.3668 6.7996 . Then, by
invoking Lemma 12, we obtain the discrepancy function ξ (x 1 , t ) − ξ (x 2 , t )M ≤ x 1 − x 2 M e −0.3t
for as long as the trajectories remain inside S.
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Compared with Example 1, the interval matrix constraints method provides a tighter discrepancy function than that provided by Algorithm LDF2 since it computes a local optimal exponential
change rate between trajectories over S. The overapproximation computed using this method is
less conservative than the method based on the 2-norm (Section 4.2), because the optimal metric
is searched for the minimum possible exponential change rate, which is achieved by allowing the
amount of bloating in each direction to be different, instead of the uniform rate for all directions
as in Algorithm LDF2. This approach is computationally more intensive than the LDF2 method
2
due to the potentially O (2n ) matrices in VT(A) that appear in the SDP (Equation (11)). In the
next section, we present a second method that avoids the exponential increase in the number of
constraints in Equation (11).
4.3.2 Interval Matrix Norm Method. We present a second method for computing discrepancy
functions based on interval matrix norms, which uses the center and range matrices to characterize
the norm of the interval matrix A. The next lemma provides a method to compute a discrepancy
function using the matrix norm of an interval matrix.
Lemma 13. For Equation (1) with initial set Θ starting from time t 1 , suppose S ⊆ Rn is a compact
convex set, and [t 1 , t 2 ] is a time interval such that for any x ∈ Θ, t ∈ [t 1 , t 2 ], ξ (x, t ) ∈ S. Let M be a
positive definite n × n matrix. If there exists an interval matrix A such that
(a) ∀ x ∈ S, Jf (x ) ∈ A, and
(b) ∃ γ̂ ∈ R, such that CT(A)T M + MCT(A)  γ̂ M,
then for any x 1 , x 2 ∈ Θ and t ∈ [t 1 , t 2 ]:

ξ (x 1 , t ) − ξ (x 2 , t )M ≤ e

γ̂
2

+ 2λ

δ
min (M )



(t −t 1 )

x 1 − x 2 M ,

(12)

where δ = |||D||| 1 |||D||| ∞ , and D = {D | ∃A ∈ A such that D = (A − CT(A))T M + M (A −
CT(A))} is also an interval matrix.
Proof. Fix any x 1 , x 2 ∈ Θ. Let Ac = CT(A) and Ar = RG(A), so A = Interval([Ac − Ar , Ac +
Ar ]). We can express A as the Minkowski sum of Ac and G, which we denote as Ac ⊕ G, where
G = Interval([−Ar , Ar ]) = {G | ∃A ∈ A such that G = A − CT(A)}. We use a standard property
of norms to bound the 2-norm as follows (see [25], page 57):
GT M + MG 2 ≤
≤

GT M + MG 1 GT M + MG ∞
sup{D 1 |D ∈ D} sup{D ∞ |D ∈ D} ≤

|||D||| 1 |||D||| ∞ = δ,

which uses the fact that GT M + MG ∈ D. As λ min (M ) is the minimum eigenvalue of the positive
definite matrix M, then ∀y  0, and
0 < λ min (M )y  2 ≤ yT My.

(13)

Moreover, ∀G ∈ G, and any vector y ∈ Rn yT (GT M + MG)y ≤ GT M + MG 2 y  2 . Combining
with Equation (13) yields
yT (GT M + MG)y ≤ δ y  2 .

(14)
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It follows from Lemma 6 that ∃G ∈ G, such that the distance between trajectories y(t ) =
ξ (x 1 , t ) − ξ (x 2 , t ) satisfies ẏ(t ) = (Ac + G)y(t ). Considering the previous inequalities, we have
2
d y(t )M

dt



= yT (t ) (ATc + GT )M + M (Ac + G) y(t ) = yT (t )(ATc M + MAc + GT M + MG)y(t )
2
+ δ y  2 (t ) [using Equation (14)]
≤ γ̂yT (t )My(t ) + yT (t )(GT M + MG)y(t ) ≤ γ̂ y(t )M
2
+δ
≤ γ̂ y(t )M

2
y(t )M

λ min (M )

. [using Equation (13)]



The lemma follows by applying Grönwall’s inequality.
In general, Lemma 13 provides the discrepancy function


β (x 1 − x 2 M , t ) = e

γ̂
2

+ 2λ

δ
min (M )

(t −t 1 )

x 1 − x 2 M ,

where an M and γ̂ need to be selected. This suggests solving the following alternative optimization
problem to compute a discrepancy function over compact subsets of the state space:
min

γ̂ ∈R, M 0

γ̂

(15)

s.t ATc M + MAc  γ̂ M, Ac = CT(A).
Remark 1. In Lemma 13, δ is computed as |||D||| 1 |||D||| ∞ , where D is an interval matrix. To
compute the 1-norm or the infinity norm of the interval matrix, Theorem 4 provides an efficient
way that only needs to compute the 1 or infinite norm of the absolute value of the interval matrix’s
center matrix |CT(D)| and the range matrix RG(D).
Example 3. For Equation
(10) over
the given compact set S as in Example 1, we can obtain

 2.4431 −1.0511
by
solving the optimization problem in Equation (15), and
γ̂ = −0.8 and M = −1.0511
4.5487
δ = 1.4162. Applying Lemma 13, a discrepancy function for Equation (10) is given by ξ (x 1 , t ) −
ξ (x 2 , t )M ≤ x 1 − x 2 M e 0.3081t for as long as the trajectories remain inside S.
Compared with Examples 1 and 2, the interval matrix norm method produces a discrepancy that
is tighter than Algorithm LDF2 but more conservative than the vertex matrix constraints method.
The computations required to produce the discrepancy using the interval matrix norm method are
significantly less intensive than for the vertex matrix constraints method, but this comes at the
price of decreasing the accuracy (i.e., increasing the conservativeness), due to the positive error
γ̂
term 2λminδ (M ) that is added to 2 in Equation (12). In practice, we want to make the compact sets S
small so that δ (and by extension the exponential term in Equation (12)) remains small.
Lemmas 12 and 13 provide bounds on the M-norm distance between trajectories. Given the
simulation result of ξ (x 1 , t ), for any other initial state x 2 such that x 1 − x 2 M ≤ c, we will have
γ

that ∀t ∈ [t 1 , t 2 ], ξ (x 1 , t ) − ξ (x 2 , t )M ≤ ce 2 (t −t1 ) (γ  = γ̂ for Lemma 12 and γ  = γ̂ + λminδ (M ) for
Lemma 13). This means that at any time t ∈ [t 1 , t 2 ], ξ (x 2 , t ) is contained in the ellipsoid centered
2 ≤ ce γ  (t −t 1 ) . That is, ξ (x , t )
at ξ (x 1 , t ) defined by the set of points x that satisfy (ξ (x 1 , t ) − x )M
2
is contained within ellipsoid E M,ce γ  (t −t1 ) (ξ (x 1 , t )) (see the definition of ellipsoid in Section 2).
4.3.3 Algorithm to Compute Local Optimal Reach Set. Given an initial set Bδ (x ) and time bound
T , Lemmas 12 and 13 provide discrepancy functions over compact sets in the state space and over
a bounded time horizon. To compute the reach set of a nonlinear model from a set of initial
states over a long time horizon [0,T ], we will divide the time interval [0,T ] into smaller intervals [0, t 1 ], . . . , [tk−1 , tk = T ] and compute a piece-wise discrepancy function, where each piece is
relevant for a smaller portion of the state space and time.
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Consider two adjacent subintervals of [0,T ], a = [t 1 , t 2 ] and b = [t 2 , t 3 ]. Let E Ma ,c a (t2 ) (ξ (x 0 , t 2 ))
be an ellipsoid that contains ξ (Bδ (x ), t 2 ), and suppose we are given an Mb and we want to select a
cb (t ) such that ξ (Bδ (x ), t 2 ) ⊆ E Mb ,cb (t2 ) (ξ (x 0 , t 2 )). To overapproximate the reach set for the interval
b, we require that cb (t 2 ) is chosen so that at the transition time t 2 ,
E Ma ,c a (t2 ) (ξ (x 0 , t 2 )) ⊆ E Mb ,cb (t2 ) (ξ (x 0 , t 2 )).

(16)

This is a standard SDP problem to compute the minimum value for cb (t 2 ) that ensures Equation (16)
(see, e.g., [7]). This minimum value is used as cb (t 2 ) for computing the reachtube for time interval
b.
Let Ea denote the ellipsoid E Ma ,c a (t2 ) (ξ (x 0 , t 2 )) and Eb denote the ellipsoid E Mb ,c (ξ (x 0 , t 2 )). The
problem of minimizing cb (t 2 ), given Ma , Mb , c a (t 2 ), such that Equation (16) holds can be expressed
using the following optimization problem:
min c
s.t . Eb ⊇ Ea.

(17)

Then let cb (t 2 ) be equal to the solution.
We can transfer Equation (17) to the following sum-of-squares problem as the “S procedure” [35]
to make it solvable by SDP solvers:
min
s.t .

c


2 − λ c (t ) − x − ξ (x , t ) 2
c − x − ξ (x 0 , t 2 )M
a 2
0 2 M a ≥ 0, λ ≥ 0.
b

(18)

4.3.4 Reachtube Overapproximation Algorithm. We present an algorithm to compute a
(Bδ (x ),T )-reachtube for Equation (1) using the results from Sections 4.3.1 and 4.3.2. Given an
initial set Bδ (x ), which is a ball centered at x, and time bound T , Algorithm LDFM computes a sequence of timestamped sets (O 1 , t 1 ), (O 2 , t 2 ), . . . , (O k , tk ) such that the reach set from Bδ (x 0 ) is
contained in the union of the sets.
In Algorithm LDFM, we assume that the exact simulation of the solution ξ (x, t ) exists and can
be represented as a sequence of points and hyperrectangles for ease of exposition. At the end
of this section (Remark 3), we will introduce how to modify Algorithm LDFM to adopt validated
simulation.
The inputs to Algorithm LDFM are as follows: (1) a simulation ψ of the trajectory ξ (x, t ), where
x = ξ (x, t 0 ) and t 0 = 0, represented as a sequence of points ξ (x, t 0 ), . . . , ξ (x, tk ) and a sequence
of hyperrectangles Rec (ti−1 , ti ) ⊆ Rn —that is, for any t ∈ [ti−1 , ti ], ξ (x, t ) ∈ Rec (ti−1 , ti ); (2) the
Jacobian matrix Jf (·); (3) a Lipschitz constant L for the vector field (this can be replaced by a
local Lipschitz constant for each time interval); and (4) a matrix M 0 and constant c 0 such that
Bδ (x ) ⊆ E M0,c 0 (x ). The output is a (Bδ (x ),T )-Reachtube.
Algorithm LDFM uses Lemma 12 to update the coordinate transformation matrix Mi to ensure an
optimal exponential rate γi of the discrepancy function in each time interval [ti−1 , ti ]. It will solve
the optimization problem in Equation (11) in each time interval to get the local optimal rate, and
solve the optimization problem in Equation (16) when it moves forward to the next time interval.
The algorithm proceeds as follows. The diameter of the ellipsoid containing the initial set Bδ (x )
is computed as the initial set size (Line 1). At Line 4, Rec (ti−1 , ti ), which contains the trajectory
between [ti−1 , ti ], is bloated by the factor δi−1e LΔt , which gives the set S that is guaranteed to
contain ξ (Bδ (x ), t ) for every t ∈ [ti−1 , ti ] (see Lemma 9). Next, at Line 5, an interval matrix A
containing Jf (x ) for each x ∈ S is computed. The matrix is guaranteed to exist by Lemma 5. The
“if” condition in Line 6 determines whether the Mi−1 , γi−1 used in the previous iteration satisfy
the conditions of Lemma 12 (γ 0 when i = 1, where γ 0 is an initial guess). This condition will avoid
performing updates of the discrepancy function if it is unnecessary. If the condition is satisfied,
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ALGORITHM 4: Algorithm LDFM
input: ψ ,Jf (·),L,M 0 , c 0
initially:~R
 ← ∅, γ 0 ← −100
1 δ 0 = Dia E M 0,c 0 (x )
2 for i = 1:k do
3
Δt ← ti − ti−1
4
S ← Bδi −1 e LΔt (Rec (ti−1 , ti ))
5
A ← Interval[B, C] such that Jf (x ) ∈ Interval[B, C], ∀x ∈ S
6
if ∀V ∈ VT(A) :V T Mi−1 + Mi−1V ≤ γi−1 Mi−1 then
7
Mi ← Mi−1 ;
8
γi ← arg min ∀V ∈ VT(A) : V T Mi + Mi V ≤ γ Mi
γ ∈R

9
10
11
12
13
14
15
16
17

c tmp ← c i−1
else
compute Mi , γi from Equation (11)
compute minimum c tmp such that E Mi −1,c i −1 (ξ (x, ti−1 )) ⊆ E Mi ,c tmp (ξ (x, ti−1 ))
c i ← c tmp e γi Δt
δi ← Dia(E Mi ,c i (ξ (x, ti )))


O i ← Bδ  /2 (Rec (ti−1 , ti )) where δ  = max{dia E Mi ,c tmp (ξ (x, ti−1 )) , δi }
R ← R ∪ [O i , ti ]
return R

then Mi−1 is used again for the current iteration i (Lines 7, 8, and 9) and γi will be computed as
the smallest possible value such that Lemma 12 holds (Line 8) without updating the shape of the
ellipsoid (i.e., Mi = Mi−1 ). In this case, the γi computed using Mi−1 in the previous iteration (i − 1)
may not be ideal (minimum) for the current iteration (i), but we assume it is acceptable. If Mi−1 and
γi−1 do not satisfy the conditions of Lemma 12, that means the previous coordinate transformation
can no longer ensure an accurate exponential converging or diverging rate between trajectories.
Then Mi and γi are recomputed at Line 11. For the vertex matrix constraints case, Equation (11) is
solved to update Mi and γi . At Line 12, an SDP is solved to identify the smallest constant c tmp for
discrepancy function updating such that E Mi −1,ci −1 (ξ (x, ti−1 )) ⊆ E Mi ,c tmp (ξ (x, ti−1 )). At Line 13, we
compute the updated ellipsoid size c i such that E Mi ,ci (ξ (x, ti )) contains ξ (Bδ (x ), ti ). At Line 14,
the diameter of E Mi ,ci (ξ (x, ti )) is assigned to δi for the next iteration. At Line 15, the set O i is
computed such that it contains the reach set during time interval [ti−1 , ti ]. Finally, at Line 15, R is
returned as an overapproximation of the reach set.
Next, we analyze the properties of Algorithm LDFM. We first establish that the γ produced by
Line 11 is a local optimal exponential converging or diverging rate between trajectories. Then we
prove that Algorithm LDFM soundly overapproximates the reachable states from Bδ (x ). The next
lemma states that Line 11 computes the locally optimal exponential rate γ for a given interval
matrix approximation.
Lemma 14. In the i t h iteration of Algorithm LDFM, suppose A is the approximation of the Jacobian
over [ti−1 , ti ] computed in Line 5. If Ei−1 is the reach set at ti−1 , then for all M  and γ  such that
ξ (Ei−1 , ti ) ⊆ E M ,c  (ξ (x, ti )) where c  is computed from γ  (Line 13), we have that the γ produced by
Line 11 satisfies γ ≤ γ .
Proof (Sketch). The lemma follows from the fact that any M , γ  that satisfies AT M  + M A 
γ M , ∀A ∈ A results in an ellipsoidal approximation at ti that overapproximates the reach set;
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however, at Line 11, we are computing the minimum exponential change rate γ by searching all
possible matrices M for the given interval matrix. Thus, the γ value computed at Line 11 is the
optimal exponential change rate over local convex set S for the given interval matrix A.

In other words, the computed γ is the optimal exponential growth rate for any ellipsoidal reach
set approximation, based on a given interval matrix approximation for the Jacobian. Next, we show
that O i computed at Line 15 is an overapproximation of the reach set during time interval [ti−1 , ti ].
Lemma 15. For Algorithm LDFM, at the i t h iteration, if ξ (Bδ (x ), ti−1 ) ⊆ E Mi −1,ci −1 (ξ (x, ti−1 )), then
we have at time ti , ξ (Bδ (x ), ti ) ⊆ E Mi ,ci (ξ (x, ti )), and ξ (Bδ (x ), [ti−1 , ti ]) ⊆ O i .
Proof. Note that by Lemma 12, at any time t ∈ [ti−1 , ti ], any other trajectory ξ (x , t ) starting
from x  ∈ E Mi −1,ci −1 (ξ (x, ti−1 )) is guaranteed to satisfy
ξ (x, t ) − ξ (x , t )Mi ≤ ξ (x, ti−1 ) − x  Mi e

γi
2

(t −t i −1 )

.

(19)

Then, at time ti , the reach set is guaranteed to be contained in the ellipsoid E Mi ,ci (ξ (x, ti )).
At Line 15, we want to compute the set O i such that it contains the reach set during time interval
[ti−1 , ti ]. According to Equation (19), at any time t ∈ [ti−1 , ti ], the reach set is guaranteed to be
contained in the ellipsoid E Mi ,c (t ) (ξ (x, t )), where c (t ) = c tmpe γi (t −ti −1 ) . O i should contain all the
ellipsoids during time [ti−1 , ti ]. Therefore, it can be obtained by bloating the rectangle Rec (ti−1 , ti )
using the largest ellipsoid’s radius (half of the diameter). Since e γi (t −ti −1 ) is monotonic (increasing
when γi > 0 or decreasing when γi < 0) with time, the largest ellipsoid during [ti−1 , ti ] is either at
ti−1 or at ti . So the largest diameter of the ellipsoids is max{dia(E Mi ,c tmp (ξ (x, ti−1 ))), δi }. Thus, at

Line 15, ξ (Bδ (x ), [ti−1 , ti ]) ⊆ O i .
Next, we show that R returned at Line 15 is an overapproximation of the reach set.
Theorem 16. For any (x,T )-simulation ψ = ξ (x, t 0 ), . . . , ξ (x, tk ) and any constant δ ≥ 0, a call
to LDFM(ψ , δ ) returns a (Bδ (x ),T )-reachtube.
Proof. Using Lemma 15, when i = 1, because the initial ellipsoid E M0,c 0 (x ) contains the initial
set Bδ (x ), we have that E M1,c 1 (ξ (x, t 1 )) defined at Line 14 contains ξ (Bδ (x ), t 1 ). Also at Line 15,
O 1 contains ξ (Bδ (x ), [t 0 , t 1 ]). Repeating this reasoning for subsequent iterations, we have that
E Mi ,ci (ξ (x, ti )) contains ξ (Bδ (x ), ti ), and O i contains ξ (Bδ (x ), [ti−1 , ti ]). Therefore, R returned at

Line 15 is a (Bδ (x ),T )-reachtube.
Remark 2. Algorithm 4 uses the vertex matrix constraints method in Section 4.3.1. To apply the
interval matrix norm method in Section 4.3.2, one has to simply modify Lines 6, 8, 11, and 13 using
Lemma 13 and the optimization problem in Equation (15). For the interval matrix norm method,
the γ computed at Line 11 is the local optimal exponential rate only for the center matrix of the
interval matrix; we add an error to this γ to upper-bound the exponential rate for the entire interval
matrix using Lemma 13. Such an error term may introduce conservativeness, but this relaxation
decreases the computational cost (see Section 4.3.6).
Remark 3. It is straightforward to modify Algorithm 4 to accept validated simulations and the
error bounds introduced. At Line 4 and Line 15, instead of bloating Rec (ti−1 , ti ), we need to bloat
hull({Ri−1 , Ri }), which is guaranteed to contain the solution ξ (x, t ), ∀t ∈ [ti−1 , ti ]. Also, at Line 12
and Line 14, when using the ellipsoid E Mi ,ci (ξ (x, ti )), we use E Mi ,ci (0) ⊕ Ri .
4.3.5 Accuracy of Algorithm LDFM. Theorem 16 ensures that Algorithm LDFM overapproximates
the reach sets from initial set Bδ (x ) for time [0,T ]. In this section, we give results that formalize
the accuracy of Algorithm LDFM. In the following, we assume that R = (O 1 , t 1 ), . . . , (O k , tk = T ) is
a (Bδ (x ),T )-reachtube returned by Algorithm LDFM. The first Proposition 17 establishes that the
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bloating factor δi in Line 14 for constructing reachtubes goes to 0 as the size of the initial set Bδ (x )
goes to 0. This implies that the overapproximation error from bloating can be made arbitrarily
small by making the uncertainty in the initial cover x, δ, ϵ small.
Proposition 17. In Algorithm LDFM, for any i, if M 0 and c 0 are optimal, in the sense that no M , c 
exists such that c  < c 0 and Bδ (x ) ⊆ E M ,c  (x ), then as Dia(Bδ (x )) → 0 the size of the bloating factor
δi → 0 (Line 14).
Proof. At Line 13, the algorithm updates c i with some bounded number c tmpe γi Δt , and c tmp
is either inherited from c i−1 (Line 9) or computed by discrepancy function updating (Line 12)
of Mi−1 , c i−1 . In either case, c i goes to 0 as c i−1 goes to 0. In the discrepancy function updating
case (Line 12), this is because we select the smallest ellipsoid E Mi ,c tmp (ξ (x, ti−1 )) that contains
E Mi −1,ci −1 (ξ (x, ti−1 )), where if c i−1 → 0, then c tmp → 0, and thus c i → 0. If Dia(Bδ (x )) → 0, we
will have c 0 → 0 since M 0 and c 0 are optimal, and consequently c i → 0, for each i = 1, . . . , k. From
Line 14, it follows that δi = 2 λmax (c i Mi−1 ) (see [34], page 103), and therefore, as c i → 0, δi → 0
for each i = 1, . . . , k.

The contractive system’s Jacobian matrix has a negative matrix measure under certain coordinate transformation. Next, Corollary 18 establishes that for contractive systems the reachtube
computed by Algorithm LDFM converges to the rectangles that represent the simulation.
Corollary 18. Consider a contractive system for which there exists a matrix M such that ∀x ∈
Rn , Jf (x )T M + M Jf (x )  γ M, and γ < 0. Computing the reachtube of the system using Algorithm
LDFM, we have as k,T → ∞,
|Dia(O k ) − dia (Rec (tk−1 ,T )) | → 0.
Proof. From the contractive condition, we have a uniform matrix M such that any evaluation of
the Jacobian matrix satisfies Jf (x )T M + M Jf (x ) ≤ γ M. The “if” condition at Line 6 will always hold
for Mi = M and γi = γ , and at Line 13 that c i = c i−1e γ Δt . Inductively, we obtain c k = c 0e γ tk and γ <
0. So c k → 0 as tk = T → ∞. The bloating factor δk , which is the diameter of E Mk ,ck (ξ (x, tk )), also
goes to 0. From the definition of O k , we have O k ⊇ Rec (tk−1 ,T ). The bloating factor for Rec (tk−1 ,T )
goes to 0, so O k → Rec (tk−1 ,T ), and the result follows.

Corollary 19. Consider a linear system ẋ = Ax with a Hurwitz matrix A. Compute the reachtube
of the system using Algorithm LDFM; we have as k,T → ∞,
|Dia(O k ) − Dia (Rec (tk−1 ,T )) | → 0.
A linear system is contractive if A is Hurwitz as the real part of its eigenvalues are bounded
by some constant γ < 0. Pick matrix P such that PAP −1 is the Jordan form of A; then there exists
some ϵ < 0 such that (P −1 )T AT P T + PAP −1  ϵI . Pre- and postmultiplying by P T and P, we get
AT P T P + P T PA  ϵP T P. Setting M = P T P, we see that the contractive condition is satisfied.
For (even unstable) linear invariant systems, since the Jacobian matrix A does not change over
time, the discrepancy function can be computed globally for any time t and x 1 , x 2 ∈ Rn . Therefore,
there is no accumulated error introduced using Algorithm LDFM. We have also proved the convergence of the algorithm for contractive nonlinear systems in Corollary 18. For noncontractive
nonlinear systems, the overapproximation error might be accumulated. Such error caused by a
wrapping effect in the on-the-fly algorithms may not be avoidable. Therefore, for noncontractive
or unstable nonlinear systems, it is especially important to reduce the overapproximation error in
each time interval, which is what Algorithm LDFM aims to achieve.
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4.3.6 Computational Considerations of Algorithm LDFM. For an n-dimensional system model,
assume that there are n I entries of the Jacobian matrix that are not a constant number. At any
iteration, at Line 5, the algorithm solves 2n I optimization problems or uses interval arithmetic to
get lower and upper bounds of each component of the Jacobian. For linear time-invariant systems,
this step is eliminated. At Line 6, the vertex matrix constraints method will compute 2nI matrix
inequalities; however, the interval matrix norm method will compute one matrix inequality. At
Line 8 or Line 11, the vertex matrix constraints method will solve one convex optimization problem
with 2nI + 1 constraints, but the matrix interval method solves one convex optimization problem
with two constraints. The discrepancy function updating at Line 12 solves one SDP problem. The
rest of the algorithm from Line 13 to Line 15 consists of algebraic operations.
From the previous analysis, we can conclude that the interval matrix norm method improves
the efficiency of the algorithm as compared to the vertex matrix constraints method, especially
when the number of nonconstant terms in the Jacobian matrix is large; however, the interval
matrix norm method introduces the error term δ/λ min (Mi ) at each iteration, resulting in a more
conservative result. We can consider the vertex matrix constraints method accurate but with a
greater computational burden, and the interval matrix method simple but coarse.
The effective efficiency of the algorithm depends on whether the system is contractive or not.
For contractive systems, it is possible that the “if” condition often holds at Line 6, allowing the
algorithm to often reuse the previous norm and contraction rate. For noncontractive systems, this
may not be the case. Also, the algorithm only computes the discrepancy function once for the
linear system, since the interval matrix to which the Jacobian matrix belongs is time invariant.
As a comparison, Algorithm LDF2 does not need to solve any optimization problem, except that
at Line 6 we need to solve 2n I optimization problems or use interval arithmetic to get lower and
upper bounds of each component of the error matrix in Algorithm 2. The remaining lines are all
algebraic operations; however, Algorithm LDF2 is a special case of Algorithm LDFM since it fixes
M = I for all the time intervals instead of trying to compute the optimal Mi to achieve the best
exponential converging/diverging rate of the trajectories.
4.4 Input-to-State Discrepancy
We consider an extension of the aforementioned reachset estimation methods to systems with
inputs. The definition for input-to-state discrepancy appeared in [28]. Lemma 20 gives a concrete
method for computing input-to-state discrepancy functions in a slightly different format. Consider
the dynamical system with input ẋ = f (x, u), where f : Rn × Rp → Rn is Lipschitz continuous.
The input u could be control inputs, disturbances, or parameters. For a given input signal that is
an integrable function υ : [0, ∞) → Rp and an initial state x 0 ∈ Rn , a solution (or trajectory) of the
system is a function ξ : Rn × R ≥0 → Rn such that ξ (x 0 , 0) = x 0 and for any time t ≥ 0, ξ˙ (x, t ) =
f (ξ (x, t ), υ (t )). Let U be the set {u |u : [0, ∞) → Rp } of all input signals. Lemmas 12 and 13 can be
extended to overapproximate the uncertainties introduced by both the initial states and the inputs.
Lemma 20. Let Θ ⊂ Rn be the initial set, S ⊆ Rn be a compact set , and U be the set of input signals,
such that for any state x ∈ Θ, we have ξ (x, t ) ∈ S with input u (t ) ∈ U for t ∈ [t 1 , t 2 ]. Let Jx (x, u)
and Ju (x, u) be the Jacobian matrices with respect to x and u, respectively. Let M be a positive definite
n × n matrix. If there exists interval matrices A and B such that
(a) ∀ x ∈ S, ∀u ∈ U, Jx (x, u) ∈ A, and Ju (x, u) ∈ B,
(b) ∃ γ̂ ∈ R, ∀ Ai ∈ VT(A), ATi M + MAi  γ̂ M, and
(c) B̂ = |||B||| 2 ,

ACM Transactions on Embedded Computing Systems, Vol. 17, No. 1, Article 21. Publication date: December 2017.

21:22

C. Fan et al.

then for any x 1 , x 2 ∈ Θ, u 1 , u 2 ∈ U and t ∈ [t 1 , t 2 ], where u 1 are u 2 are the inputs for ξ (x 1 , t ), ξ (x 2 , t ),
respectively:
ξ (x 1 , t ) − ξ (x 2 , t )M ≤ e

γ̂ +1
2 (t −t 1 )



x 1 − x 2 M + B̂

t
t1

2 dτ .
e (γ̂ +1)(t −τ ) u 2 (τ ) − u 1 (τ )M

(20)

Proof. Let y(t ) = ξ (x 2 , t ) − ξ (x 1 , t ) and v (t ) = u 2 (t ) − u 1 (t ). From the high-order mean value
theorem, we obtain
ẏ(t ) = f (ξ (x 2 , t ), u 2 (t )) − f (ξ (x 1 , t ), u 1 (t ))

 1
Jx (ξ (x 1 , t ) + sy(t ), u 2 (t )) y(t )ds +
=
0

1

Ju (ξ (x 1 , t ), u 1 (t ) + τv (t )) v (t )dτ .

(21)

0

From the hypothesis of the lemma, we have that for some time interval [t 1 , t 2 ], ∀s ∈
[0, 1], Jx (ξ (x 1 , t ) + sy(t ), u 2 (t )) is contained in the interval matrix A and ∀τ ∈ [0, 1], and
Ju (ξ (x 1 , t ), u 1 (t ) + τv (t )) is contained in B. Let M = C T C. It follows from (a) and Lemma 6 that
for any t ∈ [t 1 , t 2 ], there exists matrices A ∈ A and B ∈ B such that ẏ(t ) = Ay(t ) + Bv (t ), and
2 can be writA ∈ hull{A1 , A2 , . . . , A N }. Using this, at any time t ∈ [t 1 , t 2 ], the derivative of y(t )M
ten as
2


d y(t )M
= yT (t ) AT M + MA y(t ) + 2(CBv (t ))T (Cy(t ))
dt


≤ yT (t ) AT M + MA y(t ) + yT (t )My(t ) + v T (t )BT MBv (t )

[using inequality ∀a, b ∈ Rn , 2aT b ≤ aT a + bT b]
N

= yT (t )  α i (ATi M + MAi ) + M  y(t ) + v T (t )BT MBv (t )
 i=1
N

≤ yT (t )  α i γ̂ M + M  y(t ) + Bv (t )M
 i=1
2
2
2
= (γ̂ + 1)yT (t )My(t ) + Bv (t )M
= (γ̂ + 1)y(t )M
+ Bv (t )M
.
By applying Grönwall’s inequality, we obtain
2
2
y(t )M
≤ e (γ̂ +1)(t −t1 ) y(t 1 )M
+



t
t1

2
≤ e (γ̂ +1)(t −t1 ) y(t 1 )M
+ B̂ 2

2
e (γ̂ +1)(t −τ ) Bv (τ )M
dτ



t
t1

2
e (γ̂ +1)(t −τ ) v (τ )M
dτ .

√
√
(γ̂ +1)
√
By inequality ∀a, b ∈ R ≥0 , a + b ≤ a + b, we get that y(t )M ≤ e 2 (t −t1 ) y(t 1 )M +
t
2 dτ .
B̂ t e (γ̂ +1)(t −τ ) v (τ )M

1

The Jacobian matrix Ju (x, u) is an n × p dimensional matrix and its size also depends on the
dimensionality of the input p. To get the interval matrix B, 2n I optimization problems or interval
arithmetic needs to be solved if n I entries in Ju (x, u) are not constant numbers. We notice that
the input-to-state discrepancy computed by Lemma 20 can be more conservative than Lemmas 12
and 13 due to the constant 12 that is added to the exponential change rate γ̂ in Equation (20). In
Section 5, we will also discuss the effect of such exponential error.
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Fig. 2. Reach set overapproximation using Algorithm LDFM (red ellipsoid) and exact reach set
(green ellipsoid) of linear system with nilpotent
term. Initial set: a circle centered at [1, 1]T with
radius 0.2.
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Fig. 3. Reach set overapproximation using Algorithm LDFM (red ellipsoid) and exact reach set
(green ellipsoid) of linear system with nilpotent
term. Initial set: a circle centered at [0, 0]T with
radius 0.2.

Table 1. Conservativeness of Algorithm LDFM on System ẋ = (−ϵI + N )x

TH(s)
10
20
30
40
50

Algorithm LDFM
A/I VR
F/I VR
170.15
98.22
117.23
36.13
86.42
13.29
67.30
4.89
54.67
1.80

Exact Ellipsoid
A/I VR
F/I VR
11.15
3.38
6.47
0.46
4.44
0.06
3.36
8.40e-3
2.70
1.12e-3

Exact/ Algorithm LDFM Ratio
A/I VR
F/I VR
6.55%
3.44%
5.52%
1.27%
5.14%
0.47%
5.00%
0.17%
4.95%
0.06%

Initial set: a circle centered at [1, 1] with radius 0.2. TH: Time Horizon. A/I VR: the ratio of the average volume
of the sampled overapproximation reach set over the initial set volume. F/I VR: the ratio of the volume of the
overapproximation reach set at the final time T to the initial set volume. Exact/ Algorithm LDFM ratio: the ratio
of the normalized exact reach set with the normalized reach set overapproximation computed by Algorithm LDFM.

5

EXPERIMENTAL EVALUATION

We first use a small linear example to show the level of conservativeness that Algorithm LDFM adds
to the exact reach set. Then, we evaluate the efficiency and accuracy of presented algorithms on a
set of benchmarks and compare the results with Flow*.
5.1 Accuracy of Algorithm LDFM
First, we illustrate the accuracy of Algorithm LDFM using a 2-dimensional linear system with a
nilponent term: ẋ = (−ϵI + N )x, where ϵ = 1/10, I is the identity matrix, and N = [0, 1; 0, 0].
Figure 2 and Figure 3 show two instances where the initial set Θ is a ball with radius 0.2, centered
at [1, 1]T and [0, 0]T , respectively. The sampled reachtubes computed using Algorithm LDFM are
shown with red ellipsoids. The exact reach set snapshots at every 1 second are shown as green
ellipsoids; these are computed using the forward image of an ellipsoid in discrete time based on
the linear transformation defined by the system (page 99 of [34]). We also randomly generate
simulation traces from the initial set, which are shown as blue traces.
Table 1 shows the degree of conservativeness added by LDFM. We compare the volume of the
reach set as computed from [34] and by LDFM, both normalized by the volume of the initial set,
and report the average volume of the sampled reach set and the final volume of the reach set.
Since the underlying system is linear, the results should be independent from the initial set (the
converging or diverging rate of linear systems remains unchanged across the state space). The
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discrepancy function computed
by LDFM for the system is β M (x 1 − x 2 , t ) = x 1 − x 2 M e −0.1t ,

1.2106 −1.5138
where M = −1.5138 136.1004 .
From the numerical results from Table 1, we can see that the volume of the exact reach set
sampled per 1 second is around 5% of the overapproximation reach set computed using Algorithm
LDFM at the same sample time. The conservativeness added at the final time increases with the
increase of the time horizon.
5.2 Comparison of the Algorithms with Flow*
We implemented a prototype tool in MATLAB based on Algorithms LDF2 and LDFM and tested it
on several benchmark verification problems. Simulations are generated using the validated simulation engine CAPD [9], which returns a sequence of timestamped rectangles as required. The
optimization problems in Equations (11) and (15) and the SDP problems are solved using SDP3 [43]
and Yalmip [36].
We evaluated the algorithm on several nonlinear benchmarks. Van der Pol, Moore-Greitzer, and
Brusselator are standard low-dimensional models. The Diode Oscillator from [38] is low dimensional but has complex dynamics described by degree 5 polynomials. Robot Arm is a 4-dimensional
model from [3]. Powertrain is the benchmark control system proposed in [32]. This system has
highly nonlinear dynamics with polynomials, rational functions, and square roots. Laub-Loomis is
a molecular network that produces spontaneous oscillations as a case study for NLTOOLBOX [42].
AS-Polynomial is a 12-dimensional polynomial system [1] that is asymptotically stable around the
origin. We also study a 28-dimensional linear model of a helicopter [23].2 For systems with fewer
than three dimensions, we use the vertex matrix constraints method, and for systems with higher
dimensions, we use the interval matrix norm method.
Since Algorithm LDF2 is a special case of Algorithm LDFM, as expected, the reachtubes produced
by Algorithm LDFM are always less conservative than those produced by Algorithm LDF2. For
example, the reachtubes computed by Algorithm LDF2 for Saturation and Laub-Loomis expand
to fill the entire user-defined search space, but Algorithm LDFM proves safety for the same time
horizon. In this experiment, we incorporate the coordination transformation method introduced
in [21] to reduce the conservativeness of Algorithm LDF2.
We compare the running time and accuracy of Algorithm LDFM against a leading nonlinear
verification tool, Flow* [10], and also against the Algorithm LDF2. As a measure of precision, we
compare the ratio of the reach set volume to the initial set volume since tools use different set
representations. We calculate two volume ratios: (1) average volume of the reach set divided by
the initial volume (sampled at the time steps used in Flow*) and (2) the reach set at the final time
point T divided by the initial volume.
The results are shown in Table 2. Consider the performance of Algorithm LDFM as compared to
Flow*. From Lines 1 to 3 in Table 2, we see that for simple low-dimensional nonlinear systems, the
performance of Flow* is comparable to our algorithm. Lines 4 and 5 and 7 to 9 show that for more
complicated nonlinear systems (with higher-order polynomials or higher-order dimensionality),
our tool performs much better in running time without sacrificing accuracy. Moreover, from Line 6
and Lines 10 and 11, Algorithm LDFM not only finishes reachtube computation much faster but also
provides less conservative results for even more complicated systems (with complicated nonlinear
dynamics or even higher dimensions). For linear systems, Algorithm LDFM can provide one global
discrepancy function that is valid for the entire space to do reach set overapproximation, as
2 For the initial condition set of the helicopter model, we used 0.1 as the diameter for the first eight dimensions and 0.001
for the remaining ones, because the reach set estimations of Flow* became unbounded when using 0.1 as the diameter for
all dimensions.
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Table 2. Reachtube Experiment Results

1
2
3
4
5
6
7
8
9
10
11

System
Van der Pol
Moore-Greitzer
Brusselator
Diode Oscillator
Robot Arm
Powertrain
Saturation
Laub-Loomis
Biology Model
AS-Polynomial
Helicopter (L)

Dim
2
2
2
2
4
4
6
7
7
12
28

ID
0.20
0.20
0.20
0.01
0.01
4e-4
0.04
0.05
5e-3
5e-3
0.10

TH(s)
10
10
10
9
10
5
10
10
2
2
30

Algorithm LDFM
RT(s) A/I VR F/I VR
0.69
0.28 4.60e-4
4.76
0.25 3.79e-4
5.39
0.69 3.78e-2
39.98
0.65 9.08e-6
9.26
1.83
0.31
3.97
10.14
0.77
1.99
2.19
1.83
5.97
11.11
6.44
9.25 171.30 344.10
3.63
45.79
45.74
2.96
0.75
0.55

RT(s)
1.66
4.67
6.66
214.40
354.80
267.00
5245
355.10
603.60
5525
288.20

Flow*
A/I VR
0.26
0.34
0.33
1.22
3.35
3457
1.72
3.72
68.03
3.06e10
4.24e49

F/I VR
1.61e-4
2.16e-3
2.41e-2
0.65
2.97
1886
1.16
0.88
343.40
2.87e10
6.02e39

Algorithm LDF2
RT(s) A/I VR F/I VR
0.23
0.44 2.30e-3
0.35
1.07 6.50e-3
0.32
1.87
0.39
1.39
67.78
106.35
1.88
70.22
29.02
1.88
467.98
192.45
0.55
4.97e9
8.13e9
1.78 1.61e43 6.64e43
4.51
1.30e9
2.31e9
5.02
2.11e5
1.39e5
0.17 2.46e63 1.27e63

Dim: Dimension of the system. ID: Initial diameter. RT: Running time (includes simulation time for CAPD). TH, A/I VR,
F/I VR are defined in Table 1.

compared to Flow*, where even for linear systems, the complexity for each time interval is
exponential in both the dimensionality and the order of the Taylor models. Algorithm LDFM is
more efficient because it is based on the Jacobian, which has n dimensions, so the complexity of Algorithm LDFM using the interval matrix norm method increases polynomially with the dimension.
Consider next the performance of Algorithm LDFM as compared to Algorithm LDF2. Algorithm
LDF2 requires slightly less computation time in all but one case; however, as expected, Algorithm
LDF2 is more conservative in every case and in some cases is many orders of magnitude more
conservative. The result confirms that the complexity of Algorithm LDFM is higher than that of
Algorithm LDF2 as discussed in Section 4.3.6, while Algorithm LDFM is more accurate.
To summarize, Algorithm LDF2 computes reachtubes within relatively short time but with possibly larger approximation error. Algorithm LDF2 produces more accurate reachtubes at the cost
of increased computation times. Results produced by Algorithm LDF2 compare favorably with the
verification tool Flow* on the examples with higher dimensions or with complex dynamics.
5.3 Comparison Between Two Matrix Measure Computation Methods
We also report in Table 3 the comparison between the vertex matrix constrains method (Section 4.3.1) and the Interval matrix norm method (Section 4.3.2) used in Algorithm LDFM. We use the
2-dimensional Van der Pol system and the 4-dimensional Powertrain system to illustrate the tradeoff between the two different techniques for computing the optimal bound on the matrix measures
of the LDFM algorithm. For lower-dimensional systems like Van der Pol, we can see that although it
takes less time, the interval matrix norm method constructs a more conservative reachtube compared with the vertex matrix constraints method. This is because the former can only achieve the
locally optimal exponential change rate for the center matrix and has an error term being added to
the rate. The Powertrain system has seven nonconstant values in the Jacobian matrix, so there are
129 constraints involved in Equation (11) when applying the vertex matrix constraints method. We
observe that for the Powertrain, solving Equation (11) for the vertex matrix constraints method
is 10 or more times slower than solving Equation (15) for the interval matrix norm method. It is
surprising that the vertex matrix constraints method gives a more conservative reachtube. At a
single step the vertex matrix constraints method can give a better (smaller) exponential change
rate than the interval matrix norm method; however, conservativeness increases over many steps.
This is because the “if” condition at Line 6 of Algorithm LDFM fails more frequently when using the
vertex matrix method, and the consequence is that extra conservativeness is introduced by Line 12
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Table 3. Comparison Between the Vertex Matrix
Constrains (VMC) Method and
Interval Matrix Norm (IMN) Method
System
Van der Pol
Powertrain

LDFM with VMC
RT(s) A/I VR
F/I VR
0.69
0.28 4.60e-4
313.2
35.29
2.66

LDFM with IMN
RT(s) A/I VR F/I VR
0.55
0.33
0.01
3.97
10.14
0.77

Table 4. Results for the Input-to-State
Discrepancy Function
System
Van der Pol
Cardiac Cell

Dim
2
2

ID
0.20
0.20

TH(s)
2
100

Algorithm LDFM
RT(s) A/I VR F/I VR
39.25
9.08
24.76
13.60
5.95
3.40

in Algorithm LDFM, due to the fact that the updated ellipsoid (with principal axes of different
directions and lengths) needs to contain the previously computed ellipsoid. Thus, for systems
with fast-changing dynamics, the advantage of obtaining a better exponential change rate gained
by the vertex matrix constraints method is diminished. As the dimension of systems increases,
solving higher-dimensional SDP problems is more computationally intensive. Frequent shape
changing also requires solving more high-dimensional SDP problems for the vertex constraint
method, which results in longer running time as compared to the interval matrix norm method.
5.4 Input-to-State Discrepancy
We report the performance of the input-to-state discrepancy function as introduced in Section 4.4
in Table 4. The Van der Pol model is the same model as reported earlier but with input disturbance
0.1 at the right-hand side of the ODE. Cardiac cell is a 2-dimensional system modeling a cardiac
cell with a pacemaker from [17]; however, the stimulations from the pacemaker are described by
sigmoidal functions (i.e., the up and down slope stimulations are sigmoidal functions) with 0 − 0.5
offset as uncertainties. We replace Line 13 in Algorithm LDFM by Equation (20) in Lemma 20. The
corresponding reachtube for the Van der Pol model, computed using Algorithm LDFM, increases
dramatically for a time horizon of 2 seconds, instead of converging as in Table 2. This happens
1
due to the exponential error e 2 t added to the input-to-state discrepancy function. The Cardiac
cell model also exhibits a diverging input-to-state discrepancy function, as compared to the
exponentially converging discrepancy function without inputs, as shown in [17]. Although the
results show that an unacceptable amount of error is introduced, most tools, such as Flow*, do
not directly support inputs and uncertainty. Nevertheless, future work will include attempts to
mitigate the error introduced by the technique presented in Section 4.4.
6 CONCLUSION
We discussed several techniques to overapproximate reachable states of nonlinear dynamical systems from simulation traces and discrepancy. We propose two methods to compute the upper
bounds on the matrix measures, which are used to bloat the simulation traces to obtain the overapproximations. The first algorithm is based on the 2-norm matrix measure and provides a relatively coarse overapproximation but allows fast computations. The second class of algorithms
compute locally optimal coordinate transformations such that the local exponential change rate of
the discrepancy is minimized, which leads to overapproximations that are less conservative, but
takes more time. To our knowledge, this is the first result with such local optimality guarantees.
These algorithms can be incorporated in tools like C2E2 [17] for bounded verification of nonlinear
switched and hybrid models. Our empirical results show that the approaches perform favorably
compared to the Flow* tool on examples with higher dimensions or with complex dynamics. An
important direction for future research is to extend these methods to handle models with inputs.
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